Abstract. An lc-trivial fibration is the data of a pair (X, B) and a fibration such that (K X + B)| F is torsion where F is the general fibre. For such a fibration we have an equality K X + B + 1/r(ϕ) = f * (K Z + B Z + M Z ) where B Z is the discriminant of f , M Z is the moduli part and ϕ is a rational function. It has been conjectured by Prokhorov and Shokurov that there exists an integer m = m(r, dim F ) such that mM Z ′ is base-point-free on some birational model Z ′ of Z. In this work we reduce this conjecture to the case where the base Z has dimension one. Moreover in the case where M Z ≡ 0 we prove the existence of an integer m, that depends only on the middle Betti number of a canonical covering of the fibre, such that mM Z ∼ 0.
Introduction
The canonical bundle formula is a tool for studying the properties of the canonical bundle of a variety X, such that there exists a fibration f : X → Z, in terms of the properties of the canonical bundle of Z, of the singularities of the fibration and of the birational variation of the fibres of f .
More precisely we consider a pair (X, B) such that there exists an lc-trivial fibration f : (X, B) → Z, that is a fibration such that (K X + B)| F is a torsion divisor, where F is a general fibre (see Section 2 for a complete definition). Then we can write
where ϕ is a rational function and r is the minimum integer such that r(K X + B)| F ∼ 0. The divisor B Z is called the discriminant and it is defined in terms of some log-canonical thresholds with respect to the pair (X, B). Precisely we have B Z = (1 − γ p )p where and 12M Z ∼ j * O P 1 (1) where j : Z → P 1 = M 1 is the application induced by f to the moduli space of elliptic curves. In particular M Z is semiample.
In [20] Prokhorov and Shokurov state the following conjecture (in our statement we specify the dimension of the base).
EbS(k) 1.1 (Effective b-Semiampleness, Conjecture 7.13.3, [20] ). There exists an integer number m = m(d, r) such that for any lc-trivial fibration f : (X, B) → Z with dimension of the generic fibre F equal to d, dimension of Z equal to k and Cartier index of (F, B| F ) equal to r there exists a birational morphism ν : Z ′ → Z such that mM Z ′ is base point free.
The relevance of the above conjecture is well illustrated for instance by a result due to X. Jiang, who proved recently in [12] that Conjecture EbS 1.1 implies a uniformity statement for the Iitaka fibration of any variety of positive Kodaira dimension under the assumption that the fibres have a good minimal model. Moreover Todorov and Todorov-Xu prove some unconditional uniformity results for the Iitaka fibration of varieties of Kodaira dimension at most 2 and Kodaira codimension 1 (Todorov [22, Theorem 1.2] ) and 2 (Todorov and Xu [23, Theorem 1.2] ). Their proofs relie on the existence of a bound on the denominators of the moduli part and, for the case of Kodaira codimension one, on the result by Prokhorov and Shokurov that proved conjecture EbS for all k in the case where the fibres are curves (see [20, Theorem 8.1] ). The semiampleness of the moduli part has been also proved for all k if F is isomorphic to a K3 surface or to an abelian variety by Fujino in [8, Theorem 1.2] . It is worth noticing that the proofs of semiampleness in these cases use the existence of a moduli space for the fibres.
The main goal of this work is to develop an inductive approach to the conjecture EbS. Our first result is the following.
Theorem 1.2. EbS(1) implies EbS(k).
An inductive approach on the dimension of the base as in Theorem 1.2 allows us to prove a result of effective semiampleness in the case M Z ≡ 0. Indeed we are able to prove an effective version of [3, Theorem 3.5] . • M Z ≡ 0;
• Betti dim E ′ (E ′ ) = b where E ′ is a non-singular model of the cover E → F associated to the unique element of |r(K F + B| F )|;
Moreover for the case where the pair (X, B) is lc but not klt on the generic point of the base we have the following
In section 2 we recall some general definitions and results concerning the canonical bundle formula. Section 3 is devoted to the proof of Theorem 1.2. Section 4 and section 5 contain several results that will be useful in the proofs of Theorem 1.3 and Theorem 1.4 that are the subject of section 6.
The techniques that we use in the proof of Theorem 1.3 come from the theory of variations of Hodge structures as in [3, Theorem 3.5] . The integer m(b) is determined in the unipotent case by using the semisimplicity theorem of Deligne [6, Theorem 4.2.6 ]. Then we show that the same integer works in the general case.
The proof of Theorem 1.4 consists in adaptating the proof of Theorem 1.3 to the more general setting of variation of mixed Hodge structures.
• klt (kawamata log terminal) if discrep(X, B) > −1, • lc (log canonical) if discrep(X, B) ≥ −1.
Definition 2.5. Let f : (X, B) → Z be a morphism and o ∈ Z a point. For an exceptional divisor E over X we set c(E) its image in X. We set discrep o (X, B) = inf{a(E, X, B) | E exceptional divisor over X, f(c(E)) = o}.
A pair (X, B) is defined to be
Definition 2.6. Let (X, B) be a pair. A place for (X, B) is a prime divisor on some birational model ν : Y → X of X such that a(E, X, B) = −1. The image of E in X is called a centre.
Definition 2.7. Let (X, B) be a pair and ν : X ′ → X a log resolution of the pair. We set
and
Definition 2.8. A klt-trivial (resp. lc-trivial) fibration f : (X, B) → Z consists of a contraction of normal varieties f : X → Z and of a log pair (X, B) satisfying the following properties:
(1) (X, B) has klt (resp. lc) singularities over the generic point of Z;
where f ′ = f • ν and ν is a given log resolution of the pair (X, B); (3) there exists a positive integer r, a rational function ϕ ∈ k(X) and a Q-Cartier divisor D on Z such that
Remark 2.9. Condition (2) is verified for instance if B is effective because
Remark 2.10. The smallest possible r is the minimum of the set
that is the Cartier index of the fibre. We will always assume that the r that appears in the formula is the smallest one.
Definition 2.11. Let p ⊆ Z be a codimension one point. The log canonical threshold of f * (p) with respect to the pair (X, B) is
We define the discriminant of f : (X, B) → Z as
We remark that, since the above sum is finite, B Z is a Q-Weil divisor.
Then there exists a unique divisor M Z such that we have
where B Z is as in (2.1). The Q-Weil divisor M Z is called the moduli part.
We have the two following results. 
Proposition 2.14 (Proposition 5.5 [2] ). Let f : (X, B) → Z be an lc-trivial fibration. Let τ : Z ′ → Z be a generically finite projective morphism from a non-singular variety Z ′ . Assume there exists a simple normal crossing divisor Σ Z ′ on Z ′ which contains τ −1 Σ Z and the locus where τ is notétale. Let M Z ′ be the moduli part of the induced lc-trivial fibration The Formula (2.2) is called canonical bundle formula.
Reduction theorems
Throughout this part we will assume that the bases of the lc-trivial fibrations are smooth varieties. The restriction f H : X ∩ f −1 (H) → H is again an lc-trivial fibration. Set
The canonical bundle formula for f H is
Then the log canonical threshold of f *
H o H with respect to (X H , B H ) is equal to the log canonical threshold of f * o with respect to (X, B). We have then B Z | H = B H . If we write the canonical bundle formula for f , we have
If we sum f * H on both sides of the equality, restrict to f −1 H = X H and apply the adjunction formula, we obtain
Since we have B Z | H = B H , we must also have
Lemma 3.1 is the main tool in order to prove by induction Theorem 1.2. Proof. We prove the statement by induction on k = dim Z. The base of induction is dim Z = 1 and this case follows from EbS(1). Suppose then that the statement is true for lc-trivial fibration whose base hase dimension k − 1 and let f : X → Z be an lc-trivial fibration with dim Z = k > 1. Then we have
where Fix is the fixed part of the linear system and codim(Bs|M|) ≥ 2. Let H be a hyperplane section as in Lemma 3.1, such that H − mM Z is ample. By the Kodaira vanishing theorem
and the restriction induces an isomorphism
Then if we write |mM Z | |H = |M| |H + Fix| H |mM H | = |L| + fix where fix is the fixed component of the linear system |mM H |, we have fix ⊇ Fix| H . And since by inductive hypothesis fix = 0 also Fix| H = 0 and then Fix = 0.
where m is as in EbS (1).
Proof. By Proposition 3.2 there must be at least two sections, unless M Z is torsion.
Proof of Theorem 1.2. We treat first the torsion case, we prove by induction on the dimension of the base of the lc-trivial fibration that there exists an integer m = m(d, r) such that
If the dimension of the base equals one then it follows from Conjecture EbS(1). Assume then that f : X → Z is an lc-trivial fibration with dim Z = k > 1 and M Z is torsion, that is there exists an integer a such that
By the Kodaira vanishing theorem, since k > 1 and H − mM Z is an ample divisor, we have
By the inductive hypothesis mM H is base-point-free, then h 0 (H, mM H ) = 1. Thus also h 0 (Z, mM Z ) = 1 and mM Z ∼ = O Z . Then we assume that M Z is not torsion and we prove the statement by induction on the dimension of the base of the lc-trivial fibration. The one-dimensional case is exactly Conjecture EbS(1). Suppose then that the statement is true for all the lc-trivial fibrations whose base has dimension k − 1 and let f : X → Z be an lc-trivial fibration with dim Z = k. Let Z ′ → Z be the birational model given by Theorem 2.13(ii). We prove that mM Z ′ is base-point-free. Let ν :Ẑ → Z ′ be a resolution of the linear system |mM Z ′ |. Then ν * |mM Z ′ | = |Mob| + Fix where |Mob| is a base-point-free linear system and Fix is the fixed part. We have
Since by Proposition 3.2 we have codim(Bs|mMẐ|) ≥ 2, it follows that Fix = 0 and |mM Z ′ | is base-point-free.
Remark 3.4. By considering as in Proposition 3.2 the long exact sequence associed to
for a hyperplane section H as in Lemma 3.1, it is possible to also prove an inductive result on effective non-vanishing. That is, the existence of an integer m = m(d, r) such that H 0 (Z, mM Z ) = 0 for all lc-trivial fibrations f : (X, B) → Z with dim Z = 1 implies the same result for lc-fibrations with dim Z = k ≥ 1 (and with same dimension of the fibres and Cartier index). Definition 4.1 (2.1.4 [6] ). A real Hodge structure is a real vector space V of finite dimension together with an action of S. The representation of S on V induces a bigraduation on V , such that V pq = V qp . We say that V has weight n if V pq = 0 whenever p + q = n. • a real Hodge structure of weight n on
Definition 4.3. Let S be a topological space. A local system on S is a sheaf V of Q-vector spaces on S.
Let now S be a complex manifold. By [5, Proposition 2.16 ] the data of a local system V is equivalent to the data of a vector bundle V → S together with an integrable connection ∇ and the correspondance is given by associating to V the vector bundle
Definition 4.5. A flat subsystem of a local system V is a sub-local system W of V or equivalently a subbundle W of V on which the curvature of the connection is zero.
Definition 4.6 ((3.1) [21]). A variation of Hodge structure of weight m on S is:
• a local system V on S;
• a flat bilinear form Q : V × V → C which is rational with respect to V, where V = V ⊗ O S ; • a Hodge filtration {F p }, that is a decreasing filtration of V by holomorphic subbundles such that for all p we have ∇(
Definition 4.7 ((3.4) [21]).
A variation of mixed Hodge structure on S is:
• a Hodge filtration {F p } that is a decreasing filtration of V by holomorphic subbundles such that for all p we have ∇(
• a Weight filtration {W k } that is an increasing filtration of V by local subsystems, or equivalently, the subsheaf W k is defined over Q for every k;
Moreover we require that the filtration induced by {F p } on W k /W k−1 determines a variation of Hodge structure of weight k.
From now on we will be interested in variations of Hodge structures and of mixed Hodge structures defined on a Zariski open subset Z 0 of a projective variety Z. We assume moreover that Σ Z = Z\Z 0 is a simple normal crossing divisor.
The following is a fundamental result about the behaviour of a variation of Hodge structures on Z 0 near Σ Z . For the definition of monodromy and unipotent monodromy of variations of Hodge structures and residue of a connection see [19 [5] ). Let V be a variation of Hodge structures on Z 0 that has unipotent monodromies around Σ Z . Let z be a local variable with centre in Σ Z . Then a: There exists a unique extensionṼ of V on Z such that i: every horizontal section of V as a section ofṼ on Z 0 grows at most as
Conditions (i) and (ii) are equivalent respectively to conditions (iii) and (iv).
iii: The matrix of the connection on V on a local frame forṼ has logarithmic poles near Σ Z . iv: Each residue of the connection along each irreducible component of Σ Z is nilpotent. c: Let V 1 and V 2 be variations of Hodge structures on Z 0 that has unipotent monodromies around Σ Z . Every morphism f : V 1 → V 2 extends to a morphismṼ 1 →Ṽ 2 . Moreover the functor V →Ṽ is exact and commutes with ⊗, ∧, Hom. The extensionṼ is called canonical extension. 
We have that H C is a local system over Z 0 . Moreover H 0 has a descending filtration {F p } 0≤p≤d , the Hodge filtration and F 0 = F d . There is a canonical way to extend H 0 and F 0 on Z: Theorem 4.10 (Proposition 5.4 [5] , Theorem 2.6 [16] ).
(
has a canonical extension to a locally free sheaf on Z.
(2) h * ω V /Z coincides with the canonical extension of the bottom piece of the Hodge filtration.
Let h 0 : V 0 → Z 0 be as before. Let D ⊆ V be a simple normal crossing divisor such that the restriction h 0 | D is flat. Assume that D + Σ V is simple normal crossing. Let us denote the restriction as h
. Let {F p } be the Hodge filtration and let
In particular W k is a complex. When we will need to refer to the trace left by
Let h : V → Z be a morphism such that Σ Z is a simple normal crossing divisor and let τ : Z ′ → Z be a morphism from a nonsingular variety Z ′ such that τ −1 Σ Z is a simple normal crossing divisor. Let V ′ be a desingularization of the component of
Assume now that h ′ and h are such that
where i :
) and α, β are the pullbacks by τ . If we have an isomorphism
then for all p ∈ Z ′ we have an isomorphism of C-vector spaces
If τ is a birational automorphism of Z that fixes p, then α p is an element of the linear group of ((h) * ω V /Z ) p . In particular we have the following:
Proposition 4.11. Let h : V → Z be a fibration such that R d h * C V 0 has unipotent monodromies. Assume that we have an action of a group G on Z given by a homomorphism G → Bir(Z) = {ν : Z Z| ν is birational}.
Let G p be the stabilizer of p ∈ Z. Then we have an induced action of G p on H p and on (h * ω V /Z ) p and these actions commute with the inclusion
By [14, Theorem 17] we can assume that R d h * C V 0 (or, more in general, a local system that has quasi-unipotent monodromies) has unipotent monodromies modulo a finite base change by a Galois morphism. We restate Kawamata's result in a more precise way that is useful for our purposes. 
has unipotent monodromies. Moreover τ is a composition of cyclic coverings τ j τ :
where τ j is defined by the building data
where A j is very ample on Z j and H j is simple normal crossing.
We have the following results by Deligne. We state them in our situation, but they hold in a more general setting. Proof. By Theorem 4.13 we can write
where the H i are the isotypic compontents (that is the components that are direct sum of simple representations of the same weight). Since dim W = 1, the subspace W z is contained in one isotypic component, let's say H 1 . We have
, where H λ is a simple component of weight λ. Since W z is simple, it identifies to one of the H λ 's and then
If χ is the character that determines W z as a representation then the character χ k determines k H 1 . Let S be the real algebraic group C * . We have an action of S on H 1 . Indeed by [6, Corollary 4.2.8(ii)(a)] for all t ∈ S we have tH 1 ∼ = H 1 . In particular tH 1 and H 1 have the same weight. But since H 1 is isotypic, we have tH 1 = H 1 . The vector spaceĤ 1 = H 1 +H 1 is real and S-invariant, thus it is defined by a real Hodge substructure of H R,z . Thus a polarization on H induces a non-degenerate bilinear form onĤ 1 that is invariant under the action of π 1 (Z 0 , z). Let e = dimĤ 1 . The Hodge structure onĤ 1 comes from an integer structure and thus ( 
Covering tricks.
In order to give an interpretation of the moduli part in terms of variation of Hodge structures we need to consider an auxiliary log pair (V, B V ) with a fibration h : V → Z. Let f : X → Z be an lc-trivial fibration. Set Σ Z = SuppB Z and we assume that Σ Z is a simple normal crossing divisor. Set Σ X = Suppf * Σ Z and assume that B + Σ X has simple normal crossing support. We define g : V → X as the desingularization of the covering induced by the field extension
that is, the desingularization of the normalization of X in C(X)( r √ ϕ) where ϕ is as in (2.2). Let B V be the divisor defined by the equality
Then h and f induce the same discriminant and moduli divisor. Let Σ V be the support of h * Σ Z and assume that Σ V + B V has simple normal crossing support. The Galois group of (4.1) is cyclic of order r, then we have an action of
on g * O V . Then we have also an action of µ r on h * ω V /Z and on h * ω V /Z (P V ) where P V are the horizontal places of the pair (V, B V ). 
Let P V be the places of (V, B V ) and P the places of (X, B). Then we have
and the righthand-side is the eigensheaf decomposition of the left-hand-side with respect to the action of µ r .
Proposition 4.16 (Proposition 5.2, [2]).
Assume that R d h * C V 0 has unipotent monodromies. Then M Z is an integral divisor and it is equal to the eigensheaf f * O X (⌈−B+P +f * B Z +f * M Z ⌉) corresponding to a fixed primitive rth root of unity.
Bounding the denominators of the moduli part
Conjecture EbS 1.1 implies in particular the existence of an integer N = N(d, r) such that for all f : (X, B) → Z lc-trivial fibration with fibres of dimension d and Cartier index of (F, B| F ) equal to r the divisor NM Z has integer coefficients. The result was proved in [22, Theorem 3.2] when the fibre is a rational curve. In [7] , by a different method, we found such integer which is considerably smaller than the one in [22] . For the reader convenience we present here an argument, due to Todorov [22, Theorem 3.2] , valid in the general case.
Theorem 5.1. There exists an integer number m = m(b) such that for any klt-trivial fibration f : (X, B) → Z with Betti dim E ′ (E ′ ) = b where E ′ is a non-singular model of the cover of a general fibre of f , E → F associated to the unique element of |r(K F + B| F )| the divisor mM Z has integer coefficients.
We begin by reducing the problem to the case where the base Z is a curve. Proof. We prove the statement by induction on k = dim Z. If k = 1 then it follows from the hypothesis. Assume the statement holds for fibrations over bases of dimension k − 1 and we consider f : X → Z with dim Z = k. Let H be a hyperplane section of Z as in Lemma 3.1. We have thus M Z | H = M H . Since H is ample, it meets each component of M Z and we can choose it such that it meets transversally the components of M Z . It follows that NM Z has integer coefficients if and only if NM H does, and we are done by inductive hypothesis.
Proof of Theorem 5.1. By Proposition 5.2 we can assume that dim Z = 1. Consider a finite base change as in Theorem 4.12
has unipotent monodromies. The covering τ is Galois and let G be its Galois group. Then we have an action of G on Z
By abuse of notation we will denote as g both an element of G and its image in Aut(Z ′ ). Let p ′ ∈ Z ′ be a point and let e be the ramification order of τ at p ′ . Let G p ′ be the stabilizer of p ′ with respect to the action (5.1). Set µ e = {x ∈ C | x e = 1}. There exists an analytic open set p ′ ∈ U ⊆ Z ′ and a local coordinate z on U centered in p ′ such that for any g ∈ G p ′ there exists x ∈ µ e such that
This induces a natural homomorphism
Then the actions of G p ′ given by Proposition 4.11 factorize through actions of µ e :
we have two actions:
• one by the group µ e that acts on ϕ by a multiplication by an e-th rooth of unity,
• one by the group µ r that acts on r √ ϕ by a multiplication by an r-th rooth of unity.
Then there is a µ r ⋊ µ e -action on (h ′ * ω V ′ /Z ′ ) p ′ and we can define a µ l -action on (h ′ * ω V ′ /Z ′ ) p ′ where l = er/(e, r). Since µ r ⊆ µ l and this second group is commutative, the action of µ l preserves the eigensheaves with respect to the action of µ r . By Proposition 4.16, the divisor M Z ′ is an eigensheaf with respect to the action of µ r . Then µ l acts on the stalk
If for every p ′ and for every character χ p ′ the order of χ p ′ divides an integer N then If χ p ′ acts by a primitive k-th root of unity, then its conjugated subrepresentations are φ(k) where φ is the Euler function. This bounds k because then φ(l) ≤ B d , where 
where E ′ is a non-singular model of the cover E → F associated to the unique element of |r(
Then the same holds for bases Z of arbitrary dimension.
Proof. We procede by induction on k = dim Z. The base of induction is the hypothesis of the theorem. Let us assume the statement holds for bases of dimension k − 1 and prove it for a klt-fibration f : (X, B) → Z with dim Z = k. Let H be a hyperplane section, given by Lemma 3.1, such that M Z | H = M H . Let m be the integer given by the inductive hypothesis. Since M Z ≡ 0 the divisor H − mM Z is ample. By taking the long exact sequence associated to
Proof of Theorem 1.3. By Proposition 6.1 applied in the case of a klt-trivial fibration, with
, it is sufficient to prove the statement when the base Z is a curve.
Let us write the canonical bundle formula for f :
Let V be a nonsingular model of the normalization of X in C(X)( r √ ϕ).
(i): Let us suppose that R d h * C V 0 has unipotent monodromies. We argue as in [2] , Theorems 4.5 and 0. (ii): Unipotent reduction: Consider a finite base change as in Proposition 4.12
has unipotent monodromies, where
The morphism τ j is a cyclic covering defined by the relation
where A j is a very ample divisor on Z j . We know by case
We have thus the following isomorphisms:
The second isomorphism is by Proposition 2.14 and the third follows from the projection formula. From the general theory about cyclic covers we have the isomorphism
Then we obtain
k has negative degree on Z k for all l < 0, thus
We can conclude by induction on k. 6.2. LC-trivial fibrations with numerically trivial moduli part. In this section we prove Theorem 1.4. To do so, we prove that M Z is a subsystem of a variation of Hodge structure related to the variation of mixed Hodge structure on R d C V 0 \P V /Z 0 . We start with the following two results. Proposition 6.3. Assume that for any lc-trivial fibration f : (X, B) → Z with
there exists an integer number m such that mM Z ∼ O Z . Then the same holds for bases Z of arbitrary dimension.
Proof. The proof follows the same lines as the proof of Proposition 6.1.
Lemma 6.4 (Lemma 21, [14]
). Let L be an invertible sheaf over a non-singular projective curve C, let C 0 be an open subset of C and let h be a metric on L| C 0 . Let p be a point of C\C 0 and let t be a local parameter of C centered at p. We assume that for a uniformizing section v of L we have h(v, v) = O(t −2αp | log t| βp ) for some real numbers α p , β p . Then
where Θ is the curvature associated to h.
The following is a generalization of [3, Prop 3.4]
Proposition 6.5. Let h : V → Z be a fibration and let Σ Z be a simple normal crossing divisor such that • h is smooth over Z 0 = Z\Σ Z , • W l /W l−1 has unipotent monodromies, where {W k } is the weight filtration.
Let L be an invertible sheaf such that
Proof. Since W l /W l−1 is a variation of Hodge structure, there is on it a flat bilinear form Q and thus a metric and a metric connection. Then L| Z 0 has an induced hermitian metric h, a metric connection and a curvature Θ. To prove that L| Z 0 defines a flat subsystem of W l /W l−1 it is sufficient to prove that the induced metric connection is flat, i.e. that Θ = 0. The relation between the matrix Γ of the connection and the matrix H that represents the metric is Γ =H −1 ∂H. By Remark 4.9, the order near p of the elements of Γ is O(|t| −1 | log t| βp ). Let v be a uniformizing section of L. Then the order of h(v, v) near p is O(| log t| βp ). Let C ⊆ Z be a curve such that C ∩ Z 0 = ∅. Let ν :Ĉ → C be its normalization and C 0 = C ∩ Z 0 . We apply Lemma 6.4 and we obtain
Since L is numerically zero, we obtain
for every C and therefore Θ = 0.
Let us recall that we are working with a cyclic covering V → X of degree r, whose Galois group is the group of r-th roots of unity that we denote µ r . Moreover we have an induced action of µ r on the sheaves of relative differentials. Let P V be the divisor given by the sum of the horizontal places of the pair (V, B V ).
Lemma 6.6. The action of µ r on (h 0 ) * ω V 0 /Z 0 (P V ) preserves the weight filtration We want to prove that σ 2 preserves the weight filtration. Since σ 2 is a composition of blow-ups of smooth centres it is sufficient to prove the property for one blow-up. Let z 1 , . . . , z n be a system of coordinates on U ⊆ V 0 such that Proof of Theorem 1.4. By Proposition 6.3 we can assume that the base Z is a curve. Let us suppose that W k /W k−1 has unipotent monodromies for every k. Since by Lemma 6.6 the action of µ r preservs the weight filtration {W k ((h 0 ) * ω V 0 /Z 0 (P V ))} on V , then for all k the sheaf 
